ON SOME NEW INTEGRAL INEQUALITIES FOR 



MEVLUT TUNg 



Abstract. In this paper we establish some new inequahties of Hadamard-type 
for product of convex and s— convex functions in the second sense. 



1. Introduction 

A largely applied inequality for convex functions, due to its geometrical signif- 
icance, is Hadamard's inequality (see [2] , E] or [B]) which has generated a wide 
range of directions for extension and a rich mathematical literature. The following 
definitions are well known in the mathematical literature: a function /:/—!> M, ^ 
/ C R, is said to be convex on I if inequality 

/ {tx + {l~t)y)< tf (x) + (1 - t) / (y) (1.1) 
holds for all x,y G I and t £ [0,1]. Geometrically, this means that if P,Q and R 
are three distinct points on the graph of / with Q between P and i?,, then Q is on 
or below chord PR. 

In the paper [3] Hudzik and Maligranda considered, among others, the class of 
functions which are s— convex in the second sense. This class is defined in the 
following way: [Tj A function / : [0, oo) — > K. is said to be s— convex in the second 
sense if 

/ [tx + il-t)y)< t'f (x) + (1 - ty f {y) (1.2) 
holds for all x,y G [0, cxd) , t e [0,1] and for some fixed s G (0,1]. The class of 
s— convex functions in the second sense is usually denoted with K^. 

It can be easily seen that for s = 1, s— convexity reduces to ordinary convexity 
of functions defined on [0, cxd). 

In the same paper [J] Hudzik and Maligranda proved that if s G (0,1), / G 
implies / ([0, oo)) C [0, oo),i.e., they proved that all functions from K^, s G (0, 1) , 
are nonnegative. 

Example 1. Let s G (0, 1) and a,b,c ^ M. We define function f : [0, oo) — > M 
as 

a, t = 0, 



It can be easily checked that 

(1) Ifb>OandO<c<a, then f G K'^ 

(2) Ifb>Oandc<0, then f ^ 

Many important inequalities are established for the class of convex functions, but 
one of the most famous is so called Hermite-Hadamard inequality (or Hadamard's 
inequality). This double inequality is stated as follows (see for example [71 p. 137]): 
let / be a convex function on [a, h] C M, where a ^ h. Then 
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In the paper [5] Tung established one new Hadamard-type inequahty for products 
of convex functions. It is given in the next theorem. 

Theorem 1. f^Let f,g : [a, 6] — ?■ R 6e two convex functions and fg € {[a,b]). 
Then, 

b 

[h-x) {f{a)g{x)+g{a)f{x))dx 



[h-af 



\x~a){f{b)g{x)+g{b)f{x))dx (1.5) 



(6 — a f J a 
1 f\, , , , , M(a,b) N (a, b) 

< I / f{x)g{x)dx+ ^ ' ' ^ ' 



b ^ a Ja 3 6 

where Mia, b) = /(a)<?(a) + /(%(6), N{a, b) = /(a)ff(&) + f{b)gia). 



The main purpose of this paper is to estabhsh new inequalities as given in The- 
orem [U but now for the class of s— convex functions in the second sense by using 
the elementary inequalities. 



2. Main Results 

In the our next theorems we will also make use of Beta function of Euler type, 
which is for u,v > defined as 

Hu,v)= ft^-Hi-tr-'dt^^-^^ 

Jo T{u + v) 

and 

I3{u,v) = /3(w,u), 

where the gamma function, denoted by F (x) , provides a generalization of factorial 
n to the case in which n is not an integer. 



Theorem 2. Let f,g:I-^M.,Ic [0, oo), a,b & I, with a < b be functions such 
that f,g and fg are in i[<i,b]) . / is convex and g is s— convex function in the 
second sense on [a, b] , for some s G (0, 1] , then 

^ ^ ^ 2 I ~ ^) 5 (^) '^^ ~l ^ 2 [ ~ 9 (^) 



(6 - a) J a [b - a) J a 

, 5(a) f\u ,s,, , 9{b) 



. [b-x) f{x)dx + - — Tj- / (a; -a) f (x) dx 

[b — a) J a \b - a) J a 

1 ^ . N , M(a,6) N{a,b) 

^ I / f{x 9{x)dx + ^-^+ 2.1 

b-aj^ s + 2 (s + l)(s + 2) 

where M (a, b) = f (a) g (a) + f (6) g (6) and N {a, b) ^ f (a) g{b) + f (b) g (a). 

Proof. Since / is convex and g is s— convex on [a, b] , we have 

f{ta + {l-t)b) < tf (a) + {I - t) f (b) 
gita + {l-t)b) < t'gia) + {l-trgib) 
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for all t G [0, 1] . Now, using the elementary inequality [SJ p. 4] (a — fo) (c — d) > 
(a, 6, c, d 6 R and a < 5, c < d) , we get inequality: 



tf (a) g{ta+{l-t)h) + {l-t)f (b) g {ta + {1 - t) b) 
+t'g (a) / {ta + (1 - t) &) + (1 - t)' g (6) / {ta + {1 - t) b) 
< f {ta + {l-t)b)g {ta + {l-t)b)+ t''+^ f (a) g {a) 
+t{l-tY }{a)g{b)+f{l-t)f{b)g{a) 
+ {l-tr+'f{b)g{b) 



Integrating this inequality over t on [0, 1], we deduce that 



/ (a) / tg {ta +{l~t)b)dt + f (6) / {l-t)g {ta + {I - t) b) dt 
Jo Jo 

+9 {a) [ t'f{ta+{l-t)b)dt + g{b) [ {I - tf f {ta + {I - t)b) dt 
Jo Jo 

< [ f{ta + {l-t)b)g {ta + {I - t) b) dt 
Jo 

+f{a)g{a) f t'+^ dt + J {a) g {b) f t {1 - tf dt 



+/ (6) 9 (a) I t^l-t)dt + f (6) g (6) / (1 - tY^' dt 
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By substituting ta + {I ~ t) b — (o- ~ b) dt — dx, we obtain 

/ (a) / tg {ta + {l-t)h)dt + f [h) [ {I - t) g {ta + {1 - t) h) dt 
Jo J a 

+5 (a) [ t''f{ta + {l-t)b)dt + g{b) [ [l - tf f [ta + [l - t)b) dt 
Jo Jo 

= ,/''°l2 / ib-x)9 (x) dx + / ^'^\^ [ {x-a)g {x) dx 
[0 — a) J a (b — a) J a 

+ f\b~xrfix)dx+-^^ [\x^arf{x)dx 

[b-a] J a \P~a) J a 

< [ f{ta+{l-t)b)g{ta + {l-t)b)dt 

1 rl 







+.f{a)g{a) t'+'dt + f (a) g (b) t {1 - tf dt 
Jo Jo 

+f{l>)g{a) j f{l~t)dt + f{b)g{t) j (1 -!)•*' dt 

b-a s + 2 

+f (a) g{b)P (2,3 + 1) + fib) g{a)P{s + 1,2) 

b- a s + 2 

+f (a) g{b)P (2,8+1) + fib) g (a) P{2,s + 1) 

b - a J^ s + 2 1 [s + 3) 

[ f{x)g {x) dx + ^"'J''' + ^ ^ ^1 
b ~ a J^ s + 2 1 (s + 6) 

1 t rt ^ ( ^-1 M{a,b) N (a, b) 



f (x) g (x) dx + -^-^ +(3{2,s + l)[f{a)g{b) + f{b)g (a)] 
s + 2 

N / N J M{a,b) r(2)r(.s + 1) ^, 
/ (X) 9 (X) dx + + V(^;3) ' n (a, b) 

/(.),(.)d. + ^ + ^ii±lliV(a,6) 

b-aj^ + . , is + l)is + 2) 

which completes the proof. □ 

Remark 1. In Theorem\^ if we choose s — 1, then V2. 1]) reduces to \1.5\) 



Theorem 3. Let /, g : / — > M, / C [0,oo), a,b <E I, a < b be functions such that 
f,g and fg are in {[a, b]) . If f is si — convex and g is S2 — convex in the second 
sense on [a,b] for some si,S2 G (0,1], then 

/(«) f\, ys, , ^ fib) 

' [b — x) g [x) dx + 



{b-af^^ 
9 (a) 



si+l 



+ 



< 



(b-a) 



1 



S2 + 1 



ib-a) 

ib-x)'' f[x)dx+—^^ 
[b-a) 



S2 + 1 



(a; — a) ^ g (x) dx 
b 

{x - a)"' f (x) dx (2.2) 



/ (x) 9 (x) dx + 



1 



Sl + S2 + 1 



M (a, b) + siS2 j^,^''l^^'l\, N {a, b) 

T(Si+S2 + l) 



where M [a, b) ^ f (a) g{a) + f (b) g (b) and N {a, b) ^ f (a) g (b) + f (b) g (a) . 
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Proof. Since / is si— convex and g is S2— convex on [a, h] , we have 



for all a,b ^ I and t g [0, 1] . Now, using the elementary inequality [SI p. 4 
{a ~ b) (c — d) > (a, b,c,d eM. and a < b,c < d) , we get inequality: 



t'^ f (a) g {ta + (1 - t) 6) + (1 - f (&) 9 {ta + {I - t) b) 
+t'-g (a) / {ta +{l-t)b) + {l- t)'' g (b) f {ta + {1 - t) b) 
< f(ta + {l- t) b) g {ta +{l-t)b) + t'l+'^V (a) 9 (a) 
+t^^ (1 - tr f (a) 9 (b) + t^^ (1 - tr f (6) g (a) 
+ il-tr^^'-fib)gib) 



Integrating both sides of the above inequality over [0, 1], we deduce that: 



fita+il-t)b) < t^' f (a) + {1 - tr f (b) 
gita + {l-t)b) < t''^g{a) + {l-trg{b) 



f{a) [ t"' g {ta + {1 ~ t) b) dt + f (b) [ {I - tr g {ta + {I - t) b) dt 
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By substituting ta + {I ~ t) b — x, {a ^ b) dt ~ dx, we obtain 

/(a)/ t'^g{ta+{l-t)b)dt + f [b) ( {I - t)'^ g {ta + {I - t)b) dt 
Jq Jo 

+9 (a) I t'^ f {ta + {1 - t) b) dt + g (b) [ {1 - t)'^ f {ta + {1 ~ t) b) dt 



^ / (b- xY' g (x) dx + '^''^i+i / i^- a)'' 9 (x) dx 



< / / (to + (1 - b) g {ta + {I - t) b) dt 



+f{a)g{a) t'^+'^dt + f {a) g (b) t^' il ^ tf^ dt 
Jq Jq 

+f (b) 9 (a) I t^^ (1 - tr dt + f (6) g (b) j' (1 - dt 



Sl + S2 + 1 

+/ (a) g (b) p (si + 1, S2 + 1) + / (5) g (a) /? (s2 + 1, si + 1) 
b - a si + S2 + 1 

+/(a)g(6)/3(si + l,S2 + l) + /(5)5(a)/?Gsi + l,S2 + l) 

Sl + S2 + 1 

+/3 (si + 1, S2 + 1) [/ (a) 5 W + / (fc) 5 (a)] 

1 /■\/^ .N, M(a,&) r(si + l)r(s2 + 1) , 

/ J{x)g{x)dx+ ' + w i ^'' N{a,b) 

b - a si + S2 + 1 r (.s'l + ,S2 + 2) 

1 f" 1 r r(5i)r(s2) 



/ (x) g (x) dx + 



M (a, b) + siS2 ^' ' \' N (a, b) 



b - a ' si + S2 + 1 

which completes the proof. □ 



Remark 2. In Theorem\^ if we choose si = S2 = 1, then \2.2\l reduces to hl.5\) 



Corollary 1. With the above assumptions and under the conditions that si = S2 
1 and X = ^Y^, the following the inequality will be obtained 

f{a) + f{b) fa + b\ , g{a)+g{b) Ja + b 

7^ J 



2 V 2 

Ja + b\ fa + b\ , M{a,b) , N {a,b) 

Remark 3. Similarly to Hadamard's inequality applications, some applications to 
special means can be deduced by the above obtained two new theorems. 
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